ON MAXIMAL CHAINS 
IN THE NON-CROSSING PARTITION LATTICE 
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Abstract. A weak order on the set of maximal chains of the non-crossing 
partition lattice is introduced and studied. A zero-Hecke algebra action is 
used to compute the radius of the graph on these chains in which two chains 
are adjacent if they differ in exactly one element. 
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1. Introduction 

Consider the graph Grin) with vertex set consisting of all maximal chains in 
NC(n), the non-crossing partition lattice of type A, and where two chains are 
adjacent if they differ in exactly one element. This graph may be identified with 
the graph of all reduced words of a given Coxeter element (long cycle) in the 
symmetric group, where the alphabet consists of all reflections (transpositions) 
and two words are adjacent if they agree in all but two adjacent letters, which 
are tr in one word and rH or rt r in the other. Here g := h~ 1 gh. This graph is 
known to be connected - see, e.g., [31 Prop. 1.6.1]; we are interested in calculating 
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its radius. This is motivated by [2] and [14], where the analogous question for 
simple reflections was studied, and by [TT] which evaluated the radius of a related 
graph on labeled trees. Recall that, by a classical result of Hurwitz [T^l [T7j . 
the number of maximal chains in the non-crossing partition lattice of type A is 
equal to the number of labeled trees on n vertices. 

Our approach is to consider a zero-Hecke algebra action on the set of maximal 
chains. This allow us to define a well-behaved natural weak order on this set. 
Each maximal interval is isomorphic to the weak order on the symmetric group. 
The number of maximal elements, refined by a generalized inversion number, is 
the Carlitz-Riordan g-Catalan number. The resulting undirected Hasse diagram 
spans the graph Gt(ji) of maximal chains, implying an evaluation of the radius 
and an approximation of the diameter up to a factor 3/2. 



2. Basic concepts 

The non-crossing partition lattice NC(n), first introduced by Kreweras [T5] . 
may be defined as follows. 

Let T be the set of all reflections (transpositions) in the symmetric group S n , 
and let £(■) be the corresponding length function: £(tt) is the minimal number of 
factors in an expression of ir as a product of reflections. Let c be a Coxeter element 
in this group (i.e., a cycle of length n); for concreteness, take c = (1,2,... , n). 
Then NC{n) is the set 

{ttG S n : £(Tr- 1 c)=£(c)} 

ordered by 

7t<ct <^ £(tt) +t{ir- 1 a) =l(a). 

Definition 2.1. Let F n be the set of all maximal chains in the non-crossing 
partition lattice NC(n). 

Clearly, an element of F n corresponds to a factorization of c into a minimal 
number (£(c) = n — 1) of transpositions. It can thus be written in the form 
(t\, . . . , t n -i), where ti G T (1 < i < n — 1) and t\ - ■ ■ t n -\ = c. 

Definition 2.2. The Hurwitz graph Grin) is the (undirected) graph with vertex 
set F n , where two chains are adjacent if they differ in exactly one element. 



The Hurwitz graph Gt(4) is drawn in Figure 2.1 note that \F±\ = 16, and the 
midpoint of of the figure is not a vertex. 

Definition 2.3. For each 1 < i < n — 2 and v — (t±, . . . , t n -i) G F n let 

Ri{v) '■= {t\, ■ ■ ■ , ti— 1) t'+ii til ti+2: ■ ■ • 7 tn-l) 

and 



Li{v) :— (t%, . . . , tj_i, ti + \, t? +1 , fj+2, ■ • ■ ,tn-l), 



where g h := h 1 gh. 
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Figure 2.1. The Hurwitz graph Gt(4) 

Ri and L, (1 < i < n — 2) are operators on F„, where i?i(t>) slides the i-th 
factor to the right while Li{v) slides the (i + l)-st factor to the left. Clearly 
Ri = and, for every v € F n , either R%(v) = v (if ti and ti+\ commute) or 
Ri(v) = v (otherwise). Furthermore, the following is true. 

Proposition 2.4. 12 For every 1 < i < n ~ 2, 

RiRi+lRi = Ri+lRiRi+l- 

This clearly defines a braid group action on F ni a distinguished example of the 
Hurwitz action on ordered tuples of group elements. 

Observation 2.5. For u, v e F n , {u, v} is an edge of Grin) if and only if there 
exists an 1 < i < ii - 2 such that either v = Ri(u) or v = Li(u). 

Remark 2.6. The classical Tits graph of a Coxeter group is the graph whose 
vertices arc all the reduced words of a longest element of the group, with respect 
to the set of simple reflections 5; two words are adjacent if one is obtained from 
the other by a braid relation. In other words, vertices correspond to maximal 
chains in the weak order on the group; two chains are adjacent if they differ in 
a "minimal cycle" . Replacing the set S of simple reflections by the set T of all 
reflections, one obtains the Hurwitz graph. The diameters of the Tits graphs of 
the Coxeter groups of types A and B were evaluated in [14]. Bessis proved that 
the Hurwitz action on F n is transitive [U Prop. 1.6.1], thus that the Hurwitz 
graph Gx(n) is connected. Its radius and bounds on its diameter will be given 
in Section [9] 

Consider the following definition of a partial order on F n . A similar definition 
applies to any finite connected graph with a distinguished vertex, endowing the 
set of vertices (in our case, F n ) with the structure of a graded poset. 
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Definition 2.7. For u, v € F„, denote u < v if it belongs to a geodesic in Gr{n) 
from e := ((1,2), (2,3), . .., (n — l,n)) to u. The resulting order will be called ifte 
weafc order on F n , and the resulting poset will be denoted by We&k(F n ). 



The Hasse diagram of Weak(F 4 ) is drawn in Figure 2.2 An edge is labeled 
(colored) i if it corresponds to an action of Ri (or of Li, in the opposite direction), 
for 1< i < 2. 



23,13,34 



14,23,13 14,13,12 
23,14,13 23,34,14 U 



34,14,12 



34,24,14 



24,23,14 



13,34,12 



34,12,24 


14,12,23 24,14,23 








12,34,24 ] 


12,24,23] 



12,23,34 



FIGURE 2.2. The Hasse diagram of Weak(F 4 ) 



Remark 2.8. By Proposition 2.4 C?y(n) is a Schreier graph of the braid group of 
type A, with respect to a suitable subgroup. Thus, by definition, the weak order 
on the braid group, restricted to the shortest coset representatives, is isomorphic 
to Weak(.F„). 

Properties of the poset Weak(F„) are studied in this paper. 



3. A MAP FROM F„ TO S n -i 

Let F n be as in Section [T] Define a map <f> : F n — > S n -i as follows. 
Definition 3.1. For w = (ti, . . . , t n _i) G F„ define the partial products 

o-j := tjt j+ i ■ ■ ■ t n -i (1 < j < n - 1) 

and the empty product 
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By definition, o~j = tjO~j+i for every 1 < j < n — 1. Thus o~j(i) =/= Oj + i(i) for 
exactly two values of 1 < i < n, and o~j(i) > o~j + i(i) for exactly one such value. 
Ignoring i = n, the set 



A; 



{1 < i < n — 1 1 (Jj(i) > <Tj + i(i)} 



thus satisfies 

(i) I4»l<i (i<i<n-i). 

On the other hand, <7i(i) = c(i) = i + 1 while cr n (i) = i, so that i G Uj=i A? f° r 
every 1 < i < n — 1. It follows that 



(2) 



IK 

3=1 



> n- 1. 



Combining ([T]) with ([2]) one concludes that 



3=1 



n- 1 



and 



l^il=l (Vj). 



It follows that the map 71^ defined by 

Ttu(j) : = i if 4j = W 

is a permutation in S n —i- 

Definition 3.2. Define <f> : F n —> S n _i by 

4>{w) := tt w (yw £ F n ). 

Observation 3.3. For every w £ F n and 1 < j < n — 1, if ij = (a, 6) with a < b 
then 

= a\f + \(a). 

Example 3.4. Let w = ((2, 5), (1, 5), (2, 4), (2, 3)) <E F 5 . Then a 5 = id, a 4 = 
(2,3), (7 3 = (2,3,4), cr 2 = (2, 3, 4) (1,5) and a x = (1,2,3,4,5) = c, where permu- 
tations are written in cycle notation. Thus <fi(w)(l) = 4 = (T 2 _1 (2), (f>(w)(2) = 
1 = a^(l), 0M(3) = 3 = <r 4 - 1 (2) and 0(u;)(4) = 2 = a^(2). 



For a sequence w = ((ai, &i), . . . , (a^, &^)) of £ transpositions in S n , let G(v) be 
the geometric graph whose vertices are {1, . . . , n} drawn on a circle and whose 
edges are {(a,, 6,) : 1 < i < £}. The following characterization of the words in 
F n , due to Goulden and Yong, is very useful. 

Proposition 3.5. II) Theorem 2.2] 

For ii, . . . , € T(S n ), the word v = (ti, . ■ ■ , i n -i) belongs to F n if and only if 
the following three conditions hold: 
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(i) G(v) is a tree. 

(ii) G(v) is non-crossing; namely, two edges may intersect only in a common 
vertex. 

(iii) (cyclic order on neighbors) For every 1 < a < n and l<i<j<n — 1, 
if U = ( a i c ) an d tj = ( a i b) then b < a c. Here < a is the linear order 
a < a a + 1 < a ■ ■ ■ < a n < a 1 < a • • • < a a - 1. 



Proposition 3.5 iii) may be stated in the following equivalent form. 

Corollary 3.6. For v = (t%, . . . ,t n —i) £ F n and i < j, if U and tj do not 

commute then (U,tj) is either ((a, c), (a, &)), ((&, c), (a, c)) or ((a, 6), (b, c)), /or 
some a < b < c. 



For integers a < b denote: [a, 6) := {a, a+ 1, 1}. Proposition 3.5 

together with Observation |3.3| imply the following two lemmas. 



Lemma 3.7. For v = (ii, . . . , t n -i) € F n , ifti = (a, b) with a < b then 4>{v)(i) £ 
[a, b). 

Lemma 3.8. For v = (ti, . . . , t n —i) £ F„ and i ^ j , ifti = (a, d) and tj = (6, c) 

with a < b < c < d then 

(1) 0(«)(<)0[6 jC ). 

(2) Deleting the edge (a, d) /rom i/ie iree G(v) leaves two connected compo- 
nents: T a (containing a) and Td (containing d). Then <j)(v)(i) £ [c,d) if 
and only if T a n [c, d) ^ 0. 

Lemma 3.9. (characterization of inversions in <f>(v) € Sn-i) 

-For w = (fi, . . . , i„-i) € F n and i < j , (j)(v)(i) > <f){v){j) if and only if one of the 

following holds: 

(1) 3a < b < c such that either: 

(i) U = (a, c) and tj = (a, 6); or; 

(ii) ^ = (6, c) and = (a, c). 

(2) 3a < b < c < d such that ti = (c, d) and tj — (a, b). 

(3) 3a < b < c < d such that either: 

(i) U = (a, d), ^ = (6, c) and t/ie graph with edges {tj+i, . . . ,t n -x} 
contains a path from a to some x £ [c, d); or 

(ii) tj = (&, c), tj = (a, d) and t/ie graph with edges {tj+i, . . . , t n -i} does 
not contain a path from a to any x £ [c, d) . 



Proof. (2) follows from Lemma 3.7 (1) and (3) follow from Lemma 3.7 together 
with both parts of Lemma |3.8| 

□ 

Recall the operators Rj and Lj from Section [2 By definition, if we represent 
a word w £ F n by the sequence of partial products (o~i, ...,a n ), then for all 
1 < j < n - 2 

(3) Rj{. . . ,<Tj,0-j + i,0-j +2 , ...) = (... ,(Xj,tjtj + i(Tj + i,(Tj + 2, ■ ■ ■), 
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and 

(4) Lj(. . . ,aj,aj + -L,aj + 2, ...) = (... ,<Tj,tj+itjaj + i,aj + 2, . . .)■ 

Lemma 3.10. For every w € F n and 1 < j < n — 2, 

if 3 a < b < c s.t. tj = (a, c) and fj+i = (a, 6); 
otherwise 



(5) = 
and 

(6) 0(L,H) = 




4>(w), if 3a < 6 < c s.t. tj = (&, c) and t J+ i = (a, c); 
4>(w)sj, otherwise. 



Proof. We prove The proof of (|6| is similar. 

By ([3]), i?j affects, among the partial products of w, only Uj+i. It follows, 
by Observation [331 that <j>(Rj(w))(i) = (f>(w)(i) for all i {j,j + 1}. Thus 



either <fi(Rj(w)) — 4>{w) or <j>{Rj(w)) = 4>{w)sj. By Observation 3.3 (for j + 1), 
(j)(Rj(w)) — <f>{w) if and only if tj+\ = (a,b) and tj — (a, c) for some a, b and 
c such that a < b and a < c. These tj and tj_|_i do not commute, and by 



Corollary 3.6 necessarily b < c as well. 

□ 

4. Properties of the weak order on F n 



Recall the graded poset Weak(F„) from Definition 2.7 Note that, by definition 



Fact 4.1. The word e = ((1, 2), (2, 3), . . . , (n — 1, n)) is the unique minimal ele- 
ment in Weak(F„). 



Lemma 4.2. 

<f>-\id)={e}. 

Proof. Clearly 0(e) = id, since for e = ((1, 2), . . . , (n— 1, n)) one has tj = (j, 
(Tj = tj ■ ■ ■ t n -i = (j, . . . , n) and thus <fi(e)(j) = crj +1 (j) = j by Observation 
Conversely, assume that iu = (t 1; . . . , t„_x) € -F n has 0(w) = «<i. 



3.3 



4>{w){n — 1) = n — 1 implies that <7 n _i(fi — 1) > cr n (n — 1) = n — 1, so that 
<r n _i(n — 1) = n and t n _i = cr„_i = (n — l,n). It follows that ti • • -t n -2 = 
(1, . . . , n)(n — = (1, ... ,n — 1), so that necessarily ti, . . . ,t n _2 € >5 n _i and 
w' := (ti, . . . , tn—%) belongs to F n —\, with 4>{w') = id G S n —2- Induction on n 
completes the proof. 

□ 

For any w € F n , let rank(w) be its rank in the poset Weak(F„). For n £ S n -i, 
let inv(7r) be its inversion number. 

Lemma 4.3. For any w € F n , 

rank(w) = inv(0(w)). 
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Proof. By induction on mv((j)(w)). 

If inv(</>(u>)) = then (j)[w) = id. By Lemma 4.2 w = e, so that indeed 
rank(ui) = = inv(</>(u;)). 

For the induction step let mv(<fi(w)) = I > 0, and assume that the claim holds 
for u £ F n whenever inv(</>(u)) < £. Let 7r := $>(iw) G Sn— x- Since inv(7r) > 



there exists 1 < j < n — 2 such that inv(7TSj) < inv(7r). By Lemma 3.10 
<fi(Rj(w)) = ttsj unless 3a < b < c such that tj = (a, c) and tj + i — (a, b) (in w) 
whereas <p{Lj{w)) — irSj unless 3 a < b < c such that tj — (b, c) and tj+\ = (a, c) 
These two exceptions cannot hold simultaneously, and thus 4>{u) — KSj for either 
u = R,j(w) or u = Lj(w). For such u, inv(0(u)) = inv(7TSj) = £ — 1, so by the 
induction hypothesis rank(u) = inv((/>(u)). Since it and w are connected by an 
arc in the graph Gy(n), it follows that rank(u;) < rank(it) + 1 = £. On the other 
hand, in a geodesic from e to w in Gy(n) the value of inv(</>(-)) changes by or 



1 on each arc (again by Lemma 3.10), so that rank(iu) > mv((f>(w)) — i. Thus 
rank(w) = £ — inv(</>(u))). 

□ 

Corollary 4.4. The (undirected) Hasse diagram ofWeak(F n ) is obtained from 
the graph Gy(n) by deleting all edges connecting a vertex (. . . , (a, c), (a, 6), . . .) 
with a vertex (. . . , (b, c), (a, c), . . .) for some a < b < c. 

Proof. By Lemma |3.10| and Lemma |4.3| □ 

Lemma 4.5. For every v G F n and 1 < j < n — 2, if Rj(v) < v and Lj(v) < v 
in Weak(F„) then Rj(v) = Lj(v). 

Proof. Assume that Rj(v) < v and Lj(v) < v. We can assume that tj and tj+i do 
not commute (otherwise, by definition, Rj{v) — Lj(v)). Then, by Corollary 3.6 
(tj,t j+1 ) G {((o,c),(a,6)), ((b,c), (a,c)), ((a, b), (b, c))}. 



By Lemma 4.3 Rj(v) < v implies that inv(</)(i?j(w))) < hxv((f)(v)), which is 
equivalent, by Lemma 3.10 to (j)(Rj(v))(j) < (f)(Rj(v))(j + 1). By Lemma 3.91), 



this happens if and only if the j-th factor in Rj(v) is (a, b) and the (j + l)-st 
factor is (6, c). By similar arguments, Lj(v) < v implies that the j-th factor in 
Lj(v) is (a, b) and the (j + l)-st factor is (b, c). Thus Rj(v) = Lj{y). 

□ 



Remark 4.6. Lemma 4.5 may be stated in the following two equivalent forms. 

• For every v G F n and 1 < j • < n — 2, Rj(v) > i! if and only if Lj(v) > v. 

• The orbit in of each i?j (or Lj) consists of either a pair {v\, V2} with 
«i < V2 or a triple {ui, U2, W3} with «i < V2 and «i < V3. 

5. ZERO-HECKE ALGEBRA ACTION 

The zero-Hecke algebra Ji n (0) is an algebra over Q generated by {Tj : 1 < i < 
n — 1} with defining relations 

(7) 7?-T 4 (l<i<n-l), 
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(8) 
and 



T T — T T- 



(|i-il>l) 



(9) TiT i+1 Ti = T i+1 TiT i+1 (1 < i < n - 2). 

H n (0) can be viewed as the specialization q = of the Iwahori-Hecke algebra 
H n (q), deforming the group algebra of S n , or as the semigroup algebra of a suit- 
able monoid. Note that our notation is slightly non-standard, since equation ([7| 
is usually stated as Tf — —T i7 which amounts to replacing Tj by — T{ (for all i). 

A faithful action of the zero-Hecke algebra H n -i(0) on F n is introduced in 
this section. This action will be applied to show that every maximal interval in 
Weak(F n ) is isomorphic to the weak order on the symmetric group S n ~\. 

5.1. Down operators. Recall the descent set of a permutation n e S n -%, 
Des(7r) := {i : n(i) > Tr(i + 1)}. 

Definition 5.1. For 1 < i < n — 2 define the i-th down operator Di : F n — > F n 

by 

!Ri(w), if i £ Des(4>(w)) and Ri(w) < w; 

Li(w), if i G Bes((j)(w)) and L t {w) < w; 

w, if i £ Des(4>(w)). 

Claim 5.2. The down operators are well defined. 



Proof. By Lemma 3.10| for any w € F n and 1 < i < n — 2, cither cj)(Ri(w)) = 
4>(w)si or 4>(Li(w)) — <f){w)si (or both). If i € Des((p(w)) then inv (</>(w)s i ) < 



mv((j)(w)). Thus, by Lemma 4.3 either rank(i?i(tu)) < rank(w) or r&nk(Li(w)) < 
rank(w), namely: Either Ri(w) < w or Li(w) < w in Weak(F„). If both hold 

Li(w). 



then, by Lemma 4.5 Ri{w 



□ 



Observation 5.3. For every 1 < i < n — 2 and w G F„, 

( ir )Si, if i £ Des(0(ui)); 




if i g Des(<j)(w)). 

1 < i < n — 2} satisfy the defining 



Lemma 5.4. TTie down operators {D 
relations of the zero-Hecke algebra 'H n _i(0) . 

_if i £ Des(0(w)) then D?(w) 

i ^ <fi(Di(w)), hence by Definition 



5.1 



Proof. By Definition 
then, by Observation 

A(AH) = AM- Thus" A 2 = A for every 1 < i < n- 1 



5.3 



w). If z € Des((/)(w)) 



5.1 



A A 



If \i — j\ > 1, then by Definition 5.1 A A 
We have to verify that AA+i A = A+i AA+i for every 1 < i < n — 2. 
Ifi,i+1 ^ Des(0(u>)) then, by Definition 5.1 AA+iA(w) = n; = A+iAA+i( 
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If i G Des(cf>(w)) and i + 1 G" Des(<fr(w)) then, by Definition 5.1 A+i(w) = w, 
thus A+iAA+i( w ) = A+iA( w )- On the other hand, in this case 

0(D m A(«O)(») = ^(A(»))(i) = = min{0(u.)( l ),0H(i+I),0H(i+2)} 

= min{0(A+i AH) (i),<HA+iAM)(i + 1), </>(A+l AH)(i + 2)}. 
Hence i ^ Des(0(A+i A(w))), thus, by definition, AA+iA(w) = A+iA(w). 

For similar arguments, if i g" Des(0(u>)) andz+f G Des(0(w)) then AA+i Di(w) — 
AA+i(w) = D l+1 DiD i+ i(w). 

It remains to verify the braid relation DiDi + \Di = Di + iDiDi + i, when i, i+1 G 
Des(0O)). 

For w = ((ii, . . . , t n -i) G A let Wi := U = (a 4 ,6 4 ). 

Obviously, if j g + + 2} then D i D i+1 D l (w) j = A+i AA+i(»j = t y 
Thus, it suffices to verify that DiDi + iDi{w)j = Di + iDiDi+i(w).j for j G {i,i + 
l,i + 2}. 

For J C {1, ... ,n - 1} let Suppj(w) := U ie i{ai,bi}. 
By Proposition [^i), 4 < | Supp {M+M+2} (»| < 6. 

Case 1. If | Supp| i j +l i+2 }(w)| = 6 then ti,ti + i and commute. 
Then 

AA+lA(^)j = i0( u) )-iT I T i+ iT,(</.(ti.))(j) 

with natural action of % n _i(0) on 5Vi-i (namely, Ti(n) := nsi if i G Des(7r) and 
7r otherwise). Similarly, 

D i+1 DiD l+1 (w)j = t«,i( u ,)-iT i+1 T i T i+1 (0(t O ))(j)- 

Since TjT i+ iTi = T i+ iT,jT i+ i we are done in this case. 

Case 2. If | Supp^j i+1 i +2 j(w)l — 5 then one of the three transpositions ti,t i+ i 
or ti + 2 commutes with other two. 

If ti commutes with ti+i and i^+ 2 then, 

since i + 1 € Des(</>(ui)), letting Supp|-j +1 i+2 } = { a i°i c } with a < b < c, it 
follows from Lemma 3.9 that cither = (a,c) and ij +2 = {o-,b) or = 
(6, c) and i; +2 = (a, c). Without loss of generality the latter holds. Then, since 
i, i + 1 G Des(</>(w)), 

AA+iA(w) = A(*i, • ■ ■ (b,c), (a,c),ti,ti +1 , . . . ,t„_i) 

= (*i, ■ • ( a i & ) 5 (b,c),ti,t l+3 , . . . ,f„_i). 

On the other hand, 

A+1AA+1M = A+iA(*i, ■ • -)*i-i>*t) ( a >°); (^ ; c )^i+3, ■ • -,*n-i) 

= ■ • ■ ,ti-i, (a, 6), (6, c),t 4 ,t l+3 , . . . ,t n -i). 

Similarly, if i i+2 commutes with tj and then, since i,i + 1 G Des(<^(u>)), 
letting Supp| i i+1 j = {a, b, c} with a < 6 < c, 

AA+iA(w) = A+iAA+i(w) = (ii, ■ • ■ ,U^i,t i+2 , (a, 6), (6, c),i i+3 , . . . ,t n -i)- 
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If commutes with ti and then, since i,i + 1 G T)es((f>(w)) , letting 
Supp^ i+2 j — {a, b, c} with a < b < c, 

DiD i+1 Di(w) = A+iAA+i(w) = (fx, . . .,*»_].) (a,&),i i+1 , (6,c),i i+3 , . . . ,t„_i). 

Case 3. | Supp {j; , i+1 , i+2 }H| = 4. 

Let Supp {M+1 i+2} (u>) = {1,2,3,4} with 1 < 2 < 3 < 4. By Proposition [3~5| 
there are exactly 16 possible options for (t i: fj+i, ^+2)1 which are drawn in Fig- 
ure |2.2| Looking at this figure, one can verify that the braid relation holds. 

□ 

5.2. Maximal intervals in the weak order on F n . 

Definition 5.5. For a permutation it £ S n _i let ■ ■ ■ Si k be a reduced word 
for 7r in the alphabet of simple reflections. Define the operator D v : F n — > F n 

by 

At : n, •••/>,. 

Claim 5.6. The operator D v is well-defined. 

Proof. Since any two reduced words for the same permutation are connected by 



a sequence of braid relations, the result follows from Lemma 5.4 □ 



Lemma 5.7. For every element w G F n , the lower interval [e,w] is exactly 

{^(w) : 7T g S n -l}. 

Proof. By definition, Di(w) < w for any 1 < i < n — 2 and therefore D^iw) < u> 
for any 7r g S n -i. 

In the other direction, if t? < to then w belongs to a geodesic from w to e 
in Gx(n), part of which is a saturated chain w — Wq > W\ > . . . > Wk = v 
in Weak(F„). Clearly each step is Wj — Di.(wj-i) for some ij (1 < j < k). 
If the word Si k ■ ■ ■ Sj t is not reduced then it can be brought, by relations as in 



Lemma 5.4 to a reduced word for some 7r, so that v — D^(w). 

□ 

Let ttq = [n — 1, n — 2, . . . , 1] be the maximal element in the weak order on 
S n -\. 

Lemma 5.8. For every maximal element wo in Weak(i 7 '„) and every 7r G S n —\ 7 

(f>(D n (w )) = ttqtt^ 1 . 

Proof. By induction on mv(<p(7r)). If n — id then necessarily <j){D. n {wo)) = 
4>(wq) = 7To, the maximal element in Weak(5„_i), since otherwise there exists 



4.3 



1 < j < n — 1 such that inv ((f)(wo)sj) > mv(<fi(wo)). Then, by Lemma 3.10 
v = Rj(wo) or v — Lj(wo) with rank(u) > rank(wo); thus, by Lemma 
not maximal. 



Wq IS 
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For any tt ^ id there exist j such that n — Sj<j with inv(cr) = inv(7r) — 1. Then 
7r 7r _1 = noa Sj with j £ Des^gcr -1 ). By induction hypothesis 4>(D a (w a )) = 
7Tocr _1 , thus j £ Des(4>(D a -(wo))) . Combining this with Observation 5.3 we obtain 

4>(D n (w )) = 4>(DjD a (w )) = (f>(D a (w ))sj = tt <7~ 1 s,j = ttq-k^ 1 . 

□ 

We conclude 

Theorem 5.9. Each maximal intervals in Weak(i ? „) are isomorphic, as a poset, 
to the symmetric group S n —i with the weak order. 



Proof. By Lemma 5.7 together with Lemma 5.8 <$>, even when restricted to a 



maximal interval [e,wo], is onto S n -i- 

To prove that <f>, when restricted to [e, Wq\, is one-to-one, it suffices to show 
that the cardinality of the interval [e, wq] is not bigger than the cardinality of the 



image SVi-i- But this follows from Lemma 5.4 

To prove that is a poset isomorphism, notice that since my(<p(w)sj) < 
mv((/)(w)) implies either Rj(w) < w or Lj{w) < w, 
w covers v in Weak(F n ) 

v £ {Rj(u), Lj{w) : 1 < j < n — 1} and mv(4>(w)) — inv(<j>(v)) + 1, 

4>{v) £ {4>(w)sj : 1 < j < n — 1} and inv(0(w)) = mv((f>(v)) + 1, 
that is, <j>(w) covers <j>(v) in Weak(5„_i). 



□ 



We can now summarize. 

Theorem 5.10. 

1. The zero-Heche algebra % n _i(0) acts faithfully on Weak(i ? „). 

2. Lower intervals are invariant under this action. 



Proof. By Lemma 5.4, the down operators {Dj : 1 < i < n — 1} respect the 
defining relations. Furthermore, by Lemma |5.7| lower intervals are invariant 
under these operators. By Theorem |5.9| the size of a maximal lower interval is 
equal to the dimension of the zero-Hecke algebra, thus the action is faithful. 

□ 

6. Number of maximal elements 

In this section we prove 

Theorem 6.1. The number of maximal elements in Weak(F n ) is the Catalan 
number 

n \ n — 1 
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For a g-analogue of this theorem see Corollary |8.5| below. 

Recall the map 4> : F n —> S n _i defined in Section [3j For tt £ S n -i, let 

N(tt) :=\{weF n \cj)(w)=7T- 1 }\. 

For a subset S = {ix, . . . , ik} of {1, . . . , n — 1}, with i\ < . . . < ik, let ir\s be 
the subsequence (7r(?i), . . . , ir(ik)), and let p{ir\s) be the corresponding pattern 
(permutation) in the region (1, . . . , fc), namely: the sequence obtained from 7r|s 
by writing 1 instead of the smallest letter, 2 instead of the second smallest letter, 
etc. For example, if tt = 3572146 € S 7 and S = {1, 2, 3, 7} then tt| s = 3576 and 
p(7r|s) = 1243. 

Also, for 1 < i < j < n, let 

A(i,j) :={i,...,j-l}\{j-l} 

(of size j — i — 1 > 0) and 

B{hj) := {j,...,n,l,...,i- 1} \ {n} 

(of size n - j + i - 1 > 0). Thus j) U B(i, j) = {1, . . . , n} \ {j - l,n}, a 
disjoint union. 

Lemma 6.2. Le£ 7r G S'n-i a?id denote j := 1 + 7r _1 (l). T/ien 

AT(7r)= ^ iV(p(7rU (iJ) )) • AT(p(7r| B(iJ) )). 
i<i<j 

Example 6.3. For tt = 25314 e S5, tt" 1 = 41352 and j - 1 = 7r -1 (l) = 4. Thus, 
summing over 1 < i < 4: 

iV(25314) = N( P (253))N{p(A)) + N(p(53))N(p(2A)) + N{p(3))N(p(2M)) + 
N(pO)N(p(25M)) 
= N(132)N(1) + AT(21)iV(12) + AT(1)AT(132) + N()N(U23). 

Proof. Assume that w G F n satisfies </>(w)(l) = j— 1. Then the first transposition 
in w has the form t\ = for some i < j, and the corresponding partial 

product (t 2 = h ■ ■ ■ t n _i = + 1, . . . ,j — j + 1, . . . ,n, 1, . . . ,i — 1). This 
follows from the fact that for any 1 < k < n — 1, the transition from any 
<7fc + i to <Tfc amounts to "merging" two of the cycles of Cfc+i into one cycle, in 
which the original cycles form complementary cyclic intervals. It follows that 
(£, i + 1, . . . , j — 1) is the product of those with k > 1 which permute two 
elements of the set {i, i + 1, . . . ,j — 1}, and thus have 4>(w)(k) in this set (but 
of course (j)(w)(k) ^ </>(u>)(l) = j — 1); and similarly (J,j + 1, . . . , n, 1, . . . , i — 1) 
is the product of those with k > 1 which permute two elements of the set 
{j, j + 1, . . . , n, 1, . . . , i — 1}, and thus have <p(w)(k) in this set (but of course 
4>(w)(k) ^ n). w is a shuffle of these two sequences of transpositions, with 
ti = (hj) added as a prefix. The <fi values at these two sequences compose the 
ranges A(i,j) and B(i,j), respectively. When they are mapped to the ranges 



14 



RON M. ADIN AND YUVAL ROICHMAN 



{1, . . . , j — i — 1} and {1, . . . , n — j : + i — 1} as above, letting 7r := <j>(w) 1 we get 
the corresponding permutations p{ir\A(i,j)) and P( n \B(i,j))- 

□ 



Proof of Theorem 6.1 Let 7r be the longest element in S n —i, i.e. n(i) = n — i 
(1 < i < n — 1). Of course, 7r _1 = 7r. Denote the corresponding N(ir) by 2V n . 
If w G F n has 0(u>) = 7r then j ~ n and therefore, for each 1 < i < n — 1, 
= {i,...,n-2} and = {1, 1}. Thus 7r| A(ij) and 7r| B(ij) 

are decreasing sequences, and the corresponding permutations p(ir\A{i,j)) an d 
Pi^BUj)) are the longest elements in S n -i-i and Si—t, respectively. It follows, 



by Lemma 6.2 that 

n-l 

iV„ = N„-iNi (Vn > 2) 

which is the recursion formula of the Catalan numbers C n -i- Together with the 
initial value iVi = 1 = Cq this implies that 

1 (In - 2 



N n — C n -i 

as claimed 



1 



□ 



The following lemma will be used later. 
Lemma 6.4. Each maximal element in Weak(i 7 !„) contains the factor (l,n). 
Proof. By induction on n. Obviously, the lemma holds for n — 2. Assume that 



it holds for every m < n. By Observation 3.3 any word v = (ti, . . . , t n _i) G -F 1 , 



with <f>{v) — [n, n — 1, . . . , 1] must end with t„_i = (1, j) for some 1 < j < n. 



By same arguments as in the proof of Theorem 6.1 (ii, . . . , i„-2) is a shuffle 
of a reduced word of an element u £ Fj—i whose image is [j, j — 1, . . . , 2] and 
an element w G -Fn-j+i whose image is [n, n — 1, . . . , j + 1, 1]. By induction 
hypothesis, w contains the factor (l,n). 

□ 



7. Right and left inversions 

Recall that the weak order on S n is characterized by the inversion set, namely: 
7r < a in the (right) weak order on S n if and only if Inv(7r) C Inv(cr), where 
Inv(7r) := {(i, j) : i < j and 7r _1 (i) > 7r _1 (j)} (see, e.g., [H Cor. 1.5.2, Prop. 
3.1.3]). 

The goal of this section is to provide a similar characterization for Weak(F„). 

Definition 7.1. The set of inversions of w = (t±, . . . , t n -i) G F n is Inv(w) : = 
lnv(0(iy)). A pair (i,j) G lnv((f>(w)) is 
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a right inversion if there exist a < b < c such that tMw)- 1 ^) = ( a , c ) an( i 
= (a, 6), or there exist a < 6 < c < d such that = 
(a,d) and t^ w )-i^ = (b,c); 

a Ze/t inversion if there exist a < b < c such that t^r-ic)- 1 ^') — c) and 
= (a, c), or there exist a < b < c < d such that = 
(6,c) and t^-i^ = (a,d); 

a neutral inversion if there exist a < b < c < d such that t<j>(w)- x {j) = 
(c,d) and t^-i^ = (a,b). 

Remark 7.2. If t^ w yi^ = (a, 6), a < Z>, write 7i for the interval [a, b) C [1, n]. 
Then (i, j) G Inv(</>(u))) is 

a right inversion if and only if Ii C If, 

a left inversion if and only if Ij C 

a neutral inversion if and only if Ii PI Ij = 0. 

Denote the set of right, left and neutral inversions of w G F n by Invjj(w), 
Inv^(w) and Invjv(ui), respectively. Denote also InviAr(w) := lixv l(w)U1iw ^ (w) 
and InvflAr(w) := Invfl(ui) Ulnvjv(w). 

By Lemma |3.9[ for every w G F n , 

(10) Inv(w) = Inv/j(w) U Inv^iu) U Invjv(w), 
a disjoint union. 

Example 7.3. For w = ((3, 4), (1, 5), (5, 6), (1, 4), (1, 2)) G F 6 , = [3,4,5,2,1]. 
Then Inv(w) = {(1, 2), (1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)} is a disjoint union of 
Inv fl H={(l,2),(l,4),(2,5)}, Irw N (w) = {(1, 3), (1, 5), (2, 5)} and Irn^H = 
{(2,3)}. 

Define the involution i : F„ — > F„ by [t(t 1( . . . , i n _i) := CCi, • • • , ti°),] 
where g' 1 := h~ 1 gh and u>o := [n — 1, . . . , 1] is the unique maximal element in 
Weak(5„_ 1 ). 

Observation 7.4. 

1. For every w G F n , (j)(i(w)) = (f>(w) w ° , Inv N (i(w)) = lnv N (w) w ° , Inv fl (t(w)) = 
lnv L (w) w ° and Inv L (t(w)) = Inv^w)" 10 . 

2. i is a rank preserving automorphism of Weak(F' rl ). 

Proposition 7.5. 

iJac/i of the pairs (Inv^(u), Inv^jv(w)) and (Liv^m), Invijv(w)) determines the 
word u. Namely, for any pair of words u,u£ F n 

(11) InvL(u) = Invi(u) and liw (u) = Inv rn (v) =>■ u — v, 
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ana 

(12) Invfl'(u) = Iiivr(u) and Inv£jv(it) = Inv 



U = V. 



Proof. To prove (11), it suffices to show that Invi(u) and Inv(u) = Inv^jv(u) U 
InvL(w) determine u. Let u — (t\, . . . , t n _i). First, we will show that Inv(it) and 
Invi(w) determine i n _i, the last transposition in u. Assume that t n -\ = 
with i < j. Clearly, Inv(u) = Inv(</>(w)) determines <^(n) 6 S n —i. By definition of 
4>, i = <p(u){n — 1). To recover j, we will show that there are exactly j — i — 1 left 
inversions involving i = <j)(u)(n — 1); namely, the cardinality of the set : 
1 < k < n— l}nlnvi,(u) is exactly J— i — 1. Indeed, by Remark 7.2 left inversions 
of <p(u) involving i correspond bijectively to edges of G(u) with both endpoints 
in the interval Ii 
are exactly j — i 



[z, j], except the edhe itself. By Proposition 3.5 i), there 
1 such edges. 



Now, for every I < k < n — 2, we will recover tu in a similar fashion. Let 
tk = ihj)- Then i = ak+\{4>{u){k)). Also, t\ - ■ - t^ = ca^ +1 is a product of n — k 
disjoint cycles. Let c be the cycle containing i. Then, by arguments as above 

#{(i,r) : r e c} n a k+1 (Inv L (u)) = j - i- 1. 



To prove (12), notice that by Observation 7.4 1, Inv(u) and Invi(u) determine 



it if and only if Inv(w) and Invfl(u) determine u. 



□ 



r{(j){u)) = inv((j)(v)). Hence 



Furthermore, the following strengthening of Proposition 7.5 holds. 
Proposition 7.6. For u, v € F„, 

it < v in Weak^i 7 ^) Inv^(u) C Invij(w) and InviAr(u) C Inviiv(w)- 

Proof. First, we prove that the inclusions Inv^ti) C Iiivji(v) and Invijv(w) C 
InvLAr(u) imply u < v. This will be proved by induction on the difference 
rank(w) — rank(u). 

If rank(u) = rank(u) then, by Lemma 4.3 
|Inv(u)| = |Inv(u)|. Furthermore by (10), 

I Inv R (tt)| + | lnv LN (u)\ = | Inv(u)| = | Inv(w)| = | Ir±v R (V)| + | lnv LN (v)\. 

Combining this together with the assumed inclusions implies that Inv£jv(w) = 
InvLAr(u), Inv/{(u) = Inva(u). Hence, by Proposition 7.5 the equality u = v 
holds. 

If rank(u) < rank(w) then, by Lemma 4.3 inv(0(it)) < inv(0(w)). By the 
assumed inclusions together with (10), Inv(w) C Inv(u). Hence <p(u) < <fi(v) in 
Weak(5„_i), thus there exists 1 < i < n — 1, such that <j)(u) < <f)(v)si < <f>(v). 



By the proof of Theorem |5.9[ either LiV < v and RiV < v, or LiV — v and 
RiV < v. Assume that = v and R^v < v. Then, since 4>(u) < <p{v)si < 
tf>(v), Inv(u) \ Inv(R lV ) = {sf {v) }, sf v) e Inv R (u) and sf ( ' u) £ Inv(u). This 
together with the assumed inclusions implies that Inv/j(u) C lirvu(Riv) and 
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InvLAr(u) C Invi7\r(i?iw). By the induction hypothesis u < RiV in Weak(.F n ), 
thus by transitivity u < v. The analysis of the case LiV < v and -R^u = v is 
similar. 



If i?,, < v and Lji; < v then , by Lemma 4.5 = L^w. Then the i-th and 
the i + 1-st transpositions in v, ti and fi+i, commute. Also <f>(v)(i) > 4>(v){i + 1). 
There are three options: ti = (c,d) and U + i — (a, b), or £; = (a,d) and ij+i = 
(6, c), or ti — (&, c) and t i+ i = (a,d), for some l<a<b<c<d<n. In first 
case, Invfl(u) = Invfj(Riv), Ltvl(?;) = Invt and Invjy(w) = Inv pj(Riv) U 

{ s f }■ I n the second case, Ihvr(v) = Inv^(Riv) U {sf Invi(u) = Invi(i?jw) 
andlnvjv(^) = Invjv(i?i^)- In last case, Invi(u) = Invi(i?iu)U{sf' "'}, Invfl(w) = 
Inv^(i?jw) and Invjv(w) = Invjv(i?if). In all three cases, since sf^ ^ Inv(it), 
Invfl(u) C Invfl(i?jt)) and InvLw(w) C InvLN(Riv). Thus, by the induction 
hypothesis u < RiV, and by transitivity u < v. 

In the opposite direction, to prove that u < v implies Inv^(u) C Invij(i>) and 
InvLjv(u) C Itivln(v), it should be noticed that, by transitivity, it suffices to 
verify that these inclusions hold on covering relations. This may be done by a 
case by case elementary analysis, noting that if v covers u in Weak(i 7 '„) then there 
exist 1 < i < n — 1 such that Inv(u) = Inv(w) U {sf }, and either v = R{U ^ LiU 
or v = LiU 7^ RiU or v = Riu = LiU. In first case, Inv^(u) = Inv7?(t>) U {sf^}, 
Inv^(u) = Iiwl(v) and InvAr(w) = Invjv(w). In second case, Itxvr(u) = lmrn{v), 
Invi(it) = Inv^(w) U {sf^} and InvTv(w) = lnv^(u). Finally, if v — RiU — LiU 
then letting ti and i^+i be the z-th and i+l-st transpositions in v either ti = (c, d) 
and ti + i = (a.b); or ti — (a,d) and ti+i — (b, c); or U — (b,c) and f,-+i = (a,d), 
for some l<a<b<c<d<n. Then either Inv/j(u) = Invn(Riv), Iw/l(v) = 
Inv L (Riv) andlnvAr(w) = lrw N (Riv)U{sf (u) }; or: InvR(u) = lnv R (R l v)U{sf (u) }, 
Invz,(t;) = IriVL(Riv) and Itivn(v) = InvN(Riv); or: Invi(t>) = Invi(i?if) U 
{sf^}, Inv^(w) — liwn(Riv) and Invjv(f) = Inv^iRiv)', respectively. 

□ 

Corollary 7.7. For any pair u,v £ F n , 

Inv r (u) C Invn(v) and Inv^jv (it) C Ixivln(v) 
•\=>- Inv^(w) C Invx,(u) and Invfljv(tt) C InvijAr(v). 
Proof. By Observation |7.4| one can replace the roles of right inversions and left 



inversions in Proposition 7.6 Thus, for any pair u, v € F n , u < v in Weak(i 7 '„ 



if and only if the following inclusions hold: Invi(w) C Invi(w) and Inv/{Ar(it) C 



InvflTvlf)- Combining this with Proposition 7.6 completes the proof. 

□ 



8. Right inversions and (/-Catalan numbers 
A g-analogue of Theorem |6.1| is given in this section. 
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8.1. Enumeration by right and left inversions. Carlitz and Riordan [6] 
defined a g-Catalan number C n {q) using the recursion 

n 

Cn+i(q) ■= Ys^^C^Cn-kiq) (n > 0) 

fc=0 

with Co(q) := 1. For combinatorial interpretations of this number and further 
information see e.g. [SJ [31 Q~5J [TB] ; in particular, C n (q) counts Dyck paths of length 
n with respect to the area above the path; see, e.g., [5J. 

Definition 8.1. Define (q,t)-Catalan numbers by 

n 

C n+1 (q,t) :=J2<l k t n - k C k (q,t)C n - k (q,t) (n > 0) 

fc=0 

with 

<%(?,*) = 1. 
Observation 8.2. For every n > 0, 

(13) C„( g ,t) = G n (i,g) 
and 

(14) C n (g) = g (J)c n ( g - 1 ,l). 

Definition 8.3. For w <G F n , denote the cardinality of Invn(w) by mvn(w) and 
the cardinality of Invi(w) by invi,(w). 

Proposition 8.4. For every positive integer n, 

(15) Yl q ™*M t ™Uw) = c n ( q ,t). 

w£Fn+l, rank(-u;) — (2) 

Proof. By induction on n. For n = 1, equation ( |15[ ) obviously holds. 

For the induction step recall that, by Lemma |6.4[ any maximal element in w in 
Weak(F n+1 ) contains the factor (1, n + 1). Denote by F n+ i f. the set of maximal 
elements in Weak(F„ + i) whose (k + l)-st factor is (l,n + 1). By the proof of 
this set is characterized as follows: w — (ti,...,t n ) € F n+ i^ 



6.1 



Theorem 

if and only if tit 2 ■ ■ -t k is a reduced word for the cycle (n — k, . . . ,n), where 
4>(tit2 ■ ■ ■ tk) = [n ■ — 1, • • • , n — k], and tfe + 2ifc+3 ■ • • t n is a reduced word for the 
cycle (1, 2, . . . , n - k), where 4>{t k+2 t k+3 •••<„) = [n - k - 1, n - k - 2, . . . , 1]. 

For every w = t\ ■ ■ ■ t n € F n +i tk the following holds: for every 1 < i < k there 
exist 71 — k < c < d < n such that U = (c, d) ; for every k + 1 < j < n there exist 



l<a<b<n — k such that tj = (a, 6). Thus, by Definition 7.1 all pairs (tj, tj), 



with i < k and j > fe + 1, are neutral inversions; all pairs (U, tfc+i), 1 < i < k, 
are left inversions and all pairs (tk+i,tj), k + 1 < j < n, are right inversions. 
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This implies that for every < k < n 

'y ' q inv R (w)^inv L (w) 
{weF n +l,k- rank(M)) = (j)} 

= q n ~ k ~ 1 t k ■ S ' ginvji(u))^invt(io), ^ ' ^inv_ I? (tu)^inv_ L (uj) 

{ujG-Ffc+i: rank(«j)=( 2 )} {tuG-Fn-js+i: rank(u>) = ("~ )} 

= ? n-fe-V.C fe ( g ,i).C„_ fc (g,t). 

The last equality follows from the induction hypothesis. Thus 

n 

g inv J? Xw)f.im L (w) _ qiriv R (w)^inv L (w) 
{w€F n+1 : rank(to)=(S)} fc=0 {i«eF„ +u : rank(to)=(5)} 

n 

= • C fc (g,*) ■ <?»_*(«, t) = C„ +1 (g,t). 

The last equality follows from the defining recursion of C n (q,t) together with 
£31. ' 

□ 

Corollary 8.5. For every positive integer n, 

w£F n +i, rank(u;) — (™) 

or equivalently 



Proof. Proposition 8.4 together with (14 1. □ 



8.2. Another combinatorial interpretation. Consider the set D(n) of Dyck 
paths of length In. Each p € D(n) is a sequence (ei, . . . , £2„), with 

CiG{l,-l} (Vt), 

such that 

e x + . . . + e 2n = 

and 

ei + .-. + e fc >0 (Vfc). 

Geometrically, p corresponds to a lattice path from (0,0) to (2n, 0), with admis- 
sible steps (1, 1) and (1, —1), which never goes below the horizontal line (baseline, 
in the sequel) connecting its endpoints. 
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Definition 8.6. With each p £ D(n) associate the following two statistics: 



area(p) := ( ^ )-#{(*, j) 1 1 < i < j < 2n, -e t = Cj = 1} 



n+ 1 
2 



+ #{(*,j) 1 1 < * <i < 2n, = -e,- = 1}, 



bmaj(p) := ^ max{fc | (VI < t < 2k) e i+1 + . . . + e i+t > 0}. 

Geometrically, area(p) is the area between the path p and the "horizontal" 
pathpo = (1, — 1, 1, — 1, —)j where the square with vertices (0, 0), (1, 1), (2, 0) and 
(1, —1) is considered to have area 1; while bmaj(p) is the sum, over all internal 
local minima of the path p, of half the length of the maximal horizontal segment 
starting at the minimum point and stretching to the right without crossing (but 
possibly touching) p. Note that area(p) is (a linear function of) the inversion 
number of the sequence p. 

Proposition 8.7. For every positive integer n 

g aroa(p) t bmaj(p) = Q n {q,t). 

peD(n) 

Note that for t = 1 this is a classical result [8]. 

Proof. It suffices to show that the LHS, to be denoted C' n (q,t), satisfies the 
recursion in Definition 8.1 it clearly satisfies C' (q,t) = 1. 

let p e D{n + 1), and define k := min{t > | ei + . . . + £2t+2 = 0}, so that 
2k + 2 is the first time that p returns to the baseline. Clearly < k < n. We can 
write p as the concatenation of sequences 

p = (1) * p' * (—1) * p", 

where p' £ D(k) and p" £ D(n — k). Now clearly 

area(p) = k + area(p') + area(p") 

and 

bmaj(p) = (n — k) + bmaj(p ) + bmaj(p ), 
since the path p has an internal local minimum at (2k + 2, 0), in addition to the 
internal local minima of p' and p". Thus 

n 

C' n+1 (q, t)=J2 1 k ^ k C' k (q, t)C' n _ k (q, t), 

and this completes the proof. □ 
Corollary 8.8. area and bmaj are equidistributed: 

^ g arca(p) = ^ ? bmaj (p) = ^ J 

peD(n) pGD(n) 



MAXIMAL CHAINS IN THE NON-CROSSING PARTITION LATTICE 21 



Proof. Proposition |8 . 7| together with both parts of Observation |8.2| □ 
Corollary 8.9. 

qinv R (w)j.wvi,(w) _ ^area(p)^braaj(p) 
{w£F n+1 : rank(to)=(™)} p€D{n) 

Proof. Proposition |8.4| together with Proposition |8.7| □ 



9. Radius and diameter 

Definition 9.1. Let G = (V,E) be a finite connected undirected graph, and let 
d(-, ■) be the corresponding metric on its vertex set V. The radius of G is 



and its diameter is 



rad(G) := minmaxdfw, w) 



diam(G) := max d(v,w) 

v ,w G V 



Recall the Hurwitz graph Grin) (Definition 2.2), and let Cayley(S , „„i) be the 
Cay ley graph of the group S n -i with respect to its standard Coxeter generators. 

Lemma 9.2. The map <j) : Gt(ti) — > Cayley(S' n _i) is a contraction: 

d(<f>(v),(f>(w)) < d{v,w) 0,weF„). 

Proof. It suffices to show that if d(v,w) — 1 then d(<p(v) , 4>(w)) < 1. Let v,w 6 
F n with d(v,w) = 1 in Gxin)- Thus either v = Rj(w) or v = Lj(w) for some 
j. If the edge connecting v and w in Gt{ti) is deleted during the passage to 
Weak(F„) (see Corollary 4.4) then, by Lemma 3.10 <j>{v) = 4>(w). Otherwise 
clearly d((j>(v), <f>(w)) = 1. □ 

Theorem 9.3. The radius of the Hurwitz graph 

rad(G T (n))= (™ ~ 1 

Proof. Since only edges connecting vertices of the same rank are deleted when 
passing from Grin) to the Hasse diagram of Weak(F„), it follows that the dis- 
tance d{e, w) from the unique minimal element e of Weak(F n ) to an arbitrary 
w G F n is the same, whether measured in Gt(^) or in the Hasse diagram. Thus, 
by Theorem 5.9 and a well-known property of S n -i, 

' n — 1 



max d(e, w) = max d(id, n) , 

w£F n 7reS n _i \ 2 

It follows that 

rad(G T (n))< ( n ~ 1 
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Consider now an arbitrary v € F n . By the proof of Theorem 5.9 <fi : F n — » S n —i 
is surjective. Thus there exists w € F n with 

0(u>) = <f>(v) ■ ir , 



where no = [n — 1, . . . , 1] G S n —i. For this w it follows from Lemma 9.2 that 

fn — 1 N 

d(«,«;)>d(0(»),0(«;))=f 2 

and therefore 

rad(G T (n))> " 1 

□ 

Clearly, for any graph G, 

rad(G) < diam(G) < 2rad(G). 
Corollary 9.4. TTie diameter of ' Gt(ti) satisfies 

hn - l)(n - 2) < diam(G T (n)) < (n - l)(n - 2). 

The upper bound can be improved. 
Proposition 9.5. The diameter of Grin) satisfies 

-(n- l)(n - 2) < diam(G T (n)) < |(n - l) 2 . 

Proof. We will get from two given words in i 7 ^ same word by a careful use of 
the bubble sorting algorithm. While in classical bubble sorting one word is left 
unchanged, here the situation is a little different. The procedure in a general 
step is the following: 

At the a general step, we are given w and v, which are two T-reduced words 
of a permutation ir £ S n . We equate first or last factor as follows: By Proposi- 
tion 3.5 'i), there is a letter i G {!,..., n}, which appears only once in a word w. 



Without loss of generality, i appears in one of the first f 2 ] factors of w, say 
in the j-th factor. We can push the appearance of i to the left using j — 1 slides 
relations, keeping the number of the appearances of i to be one. 

Now, we push the rightmost appearance of i in v to the left; if i does not 
appear in the left factor involving in the slide we push the appearance of i to the 
left; each time that the slide involves another appearance of i, we decrease the 
number of appearances of i by one; after at most £(ir) — 1 slides we get a word 
with one appearance of i at the first factor. Thus, in both resulting words the 
letter i appears in the first factor only. 

Now, observe that if the only appearance of a letter i G {1, . . . ,n} in a T- 
reduced word of 7r € S n is in the first factor then this factor is (i, ir(i)) (similarly, 
if i appears in the last factor only then this factor is (j,7r _1 (i)) ). This implies 
that the first factor in both resulting words is (i,ir(i)). Omit first factor and 
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operate same procedure of equating first or last letter in the resulting words, and 
so on. 

Notice that at each step we reduce the T-length of the remaining word by one. 
Hence, altogether we used at most 

J2 {t-i + \_t/2\)<\(n-i)\ 

t=n-l 

slides to get from any two words in F n identical words, completing the proof. 

□ 

Conjecture 9.6. The diameter of Gt{ti) is ("7 ) +0(n). 

Computer experiments for n < 8 seem to suggest that the diameter is actually 

Acknowledgements. Thanks to C. Athanasiadis, O. Bernardi, C. Keller, A. 
Kalka, A. Postnikov and V. Reiner for useful discussions, comments and refer- 
ences. 
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